Def affime space A" = {ca, . Oie K3
Subset S E KLXi,., Xl
2er0  oos of S V)= {xed: fw=o . YfeS]
Subset:s g‘ A I (7773 \fam, ore  @ulled uvarieties
G S e s Sciffel  wge WS = Vifiofad

interaction with  set operation : (@ Sc S VS8 T US.)
b VEIUVS) = VSS) @ [V = VYS.)

ey. A= Vo #= vV Q=Ca.-.G) {43 = Vix-a,, . Xa-Gn)

Obs. V(S) = V(8> for f.9¢ Ves) Jrge Vo rge ws)
2ero clement
S<—— <85>
Noetheriem

To find a more exact expression for Statement above:

@ Vddo= V)
w  VAdou Vd = Vdindy
o VddnVd = vadi+d)

Ths  relates Jeometric olyea:s to  glgebraic  objects

Jttem{lj asygns o ideal zo a vemety  What abous
the converse

Dej. ideal of X 100:={ fe Kixu-. sl : few=0 gor all xe X

Remark . Ohee %Tam requwement omd IO rodical



Mow  consider what IC) amod V() can do

_

Thm.  Hiberts  MNull siallensatz K-k
(%)
{ ajfme vanetes m Al < { el sdeals m Kx. - xa1$
ij: T shw VX)) 31X

€J

xe X then jw =0 a‘;r alfe Iy e Xxe V(i)

To shew IWVJ) 3I[T
j e/j" \fkeJ \f@w =0 ogr oll xe W)
then foo=o for al xeV])  dhs fe 0D

To shw V@) & X
s XK=V I 3 F AT S vimwe wp-X

To Show LVD)=E[J  whik 18 pard -

om A PID K3 J=<f> S J=(x;—a.)‘b-~ x-an®
VA= Vifo = {a.. Qb Mast the date of muipplcsties
i gther wod ILVJ)) =]] = < (x-a) - (X-0n) ¥

& prme hence radical  J = <A1y m Rind R =C
bt LMD = LB =Ruxa # J=F  where Thn. breaks down

© J=<X-Qu - Xn-Gn> maximal hence radical gy KIxi,-.x3
Vq) = {ad IC(a}) = IYg) =J =<%-@i s Xa-Gue

{poimis s A3 & {woxmal 1deals m Kex. .33



This  perspective  translace  Properties of o wmto L 5

IoonIv) &y def
[Teo+In)

B’P' o IXHX)
W ICXm X))

Posf 1(0inx)=1 (Vaen mvaw))= I (VILxy+Icx)))=/Ta>+ e

eq. ﬁnd radical of <XB-Xb, Xk -xE> \ i"'

%
amsider Xz VIX2X) Xo=V(X)
XnXa)= [<X-X, %> = <x x> XinX= V(x.x)=o0

Remark gy Weok  Nullstellensatz : for poper T T hes 2o
Otherwise [T = 14D = L) = Kex, % [F-0 mphes J=0)

[y} Poyrmm,'al and (fumt}wn on A 6\1?9’3&5
j—jel(Al")=/-<T» = <o> \Lnaaeef/(

D@” polyromal fumctgon om X 48 a map X>K zhet
{éﬂ the fyrm, x> few for some  f € KLXu 3]
Indeed the 7ing of ol polromiod functton on X
& gut ACO:= KoXe - X1/LX)  call & cordinate ring

@ For SEAY) VS ={xeY: fw=0 for a feS3
offme subwrieties of Y

@ Iy = { fedad: fw=o for all xe XS



Zoriski  topology

Def. for affimed variety X . Mev clused sets im X
be affine subvareties o X

D\ef X reductble  sf XK= Xid Xo  proper  clased
Otheywise  irreducible

X olisconnected f X=X UdX proper closed digjosnr
otherwise  connected

;Q&Jﬂmb. Ausconnected. X =XiUX. A0 = AK x A

NMotee | IX)+I0W) = I(XNXD) = ay e, IXD+I06) =)
IO NI = I(XUX) = 100 =@ thn by C-R Thm

P op- X yeductble <= 3 zevo-dwisor m A

2 fr  X=XdX IX) # <o) choase 0# fie Io0)
thew ff. vomshes on Xux=X Hee fif-o0

< let rom-zew fi.fie AO and Jhizo  tha X=Vo>
= Ufifo= Vifoulfy  reducble

Remowk. — ar. X in ¥ < A= A(%M) nteqral  domain
ie. Lirr subvarieties3 < { primes 3deals m AQ)3

One may wonder an arbitrary veriet| cau be represented,



this requwres  Quitable fw&teness property -

Déf topo@taw space X  MNoetherian  sf
nested chsed sequence  Xo 3 X 3 - Stationamf

Obs. Aﬁ%e variety s Noethertan
Xo3 X 2 - corresponds to IQE LX)
the Latter Stationany ~ Sme  AX) Noetheriom

Lr. oecomposition EY, )(zg'l)(,, B NEX

3. Otherwise paw decomposition Produces om mfinste chain x>
I XeMd--—- U XY=X4'IJ"'UX5’

yr. X1=jJCch£(J’) ;Grc« Xo-= X;l‘li(}' ie. )(LE)Sf

S.’m"/a:lj )Q’z)(k ther XeZ Xy re. Xi= )_(f

Prvmug dlecomposition gwes ar deaomPOSW)L

I00=0 N NAs thr X=VIK))= V@)U - uVA)
= VPO U U VP, where. P :18y prime

{arr. mmponenbsj < { mmmal prime ideal m 403

Oven sets are dense m i space

open set tends to be very by in Zanski topology
Indecol no further olecomposition indecates open
ntersection  honempry



R mvestigate the morphism  between  varielscs am@a@
0 maniford . we adapt o Socal and media approach . but
componens wisely . Thes we may Stud Sustable function on varey

Dgf ﬁruopen.zm,)f map CK.- U-=> K rgulm i'f:

j"% Vo theres o nehborhod Ua with ‘P:é’_ on
Us where fw#o on Ua fged

derote all. vegulor fumctions on U as  B)

ey X= VCXXa-XaXs) U= X\ V(X Xe)

.9}
Let ip-' Uu- K , (X X, X3, Xa) & {;: \‘f&#o U
B of o U

Compatible m U M Us gmee m X

T fmo(. out Whether two regular ﬁmcﬂoﬂs are. same

or mt , We may Studf VIQ-@D e the zew
boous of a reqular fncsion

Lem. V) clased wm U

U\ Vi = {xela: Protod= Ua\ VSa)

open
Pm‘:&hbg aleu U\ Vip) = U\ Vg  open

Gl Ldentisy Tho. fov repular functions

.Y coimade on U pen = o as on U

UE VG -4) closed > A= Nf-PD



Remank_: anala\qous to  holomorphic function

complex  onalysis where ogpen sets are Small

To mwesgigme  Gx(W futher We may Study more
funolemental bricks gf open sets furst :

Def  ohsstinquished open set  Do= X\Vifp  feAw

Obs  chstingusshed  epen set  behawes nuwely wrt. wmon
ond  mtersection. : @ ff) n D(jJ = D¢ ﬂ)
@ U= XNV i D = XN\ n\/ﬁ = quo

Pop.  BDF) = [?:5«9 A0O . new

C: To see what’s more m this case

Say ae lUa - % on Ua thon. € Dtha) U«
for some ha €AX) n partialor (P= _J‘Z‘! §::/u—a on Déw
replace fo by fuhe then

amd  derominator

In other word . both mumerator
of ¢ vanish on Vha) but zhe Jntter doesnt

on Dtha) ie. Vha)=Ufod) ha=fo m ACO

by refming construction above  Jufs-Jufe VobeDp

consider ¢ = % = % on D) 1 DYy
Ga =foz0 o Vifo) o=ho on Vi

On the other hand D < al;JDg Dgo  ie



V(j) = M VQ(q) = \/Qfa)aﬂ)(_.f) ‘Meﬂrje I(Vgc)) = /Lja)aeDgf)

thus -f"tzélfa Lev 3=":ﬁaﬂa

uniorm. behavior ¥ be Db f- 3*’—}3;

Ideed f3b- = kafa3y = = kadeds = 3 Fo
Remowk : In particalar, X=Dcd ther BX)= AX)
Col reguln fmtion as dpcalization GOH) = A0

K-algeba  homorophism 400 ; —G,09) , 7~ 7

vei-defwed 2= T m A fhafgfY-0
oo D this  mplies 3f”’=j:f"' ie. %P%u on D)

surjectwity by above  prop. myectwity: ﬁr J =0
o D then §-0 on D ijoaerX
gwes ijl—Oj") =0 re. f.,=T° m ACXQf

€4  BpcA'\(o)) = KuxuXed  thes BxU)=Bx)
a8 On SRLASION  ANUGIUAS o Rewovable  Swguowsey
Thm. . complex omalyss ( f:e ol > ¢ wf:cec)

< Dow >
Ded n D = \/Qfx:" Ga" ) ths %
Poxwn D = A*c V{fr"-g%")
e fx=gxiton A(A’)-Kix ,xd UFD
this ﬁrces m=n=0 \f=_j ie P 5 a po@mmla—(,

P}
D(Xl)

jX&":le" T



Def presheaf <& on tpmlogy X
© equips dpen set U a rng Fub
* brings mclusion ULV uith map on ring

equipped. Pou : Fv — TPl as rastriction
st. F@) =0 PLiu- zd?u) assoctatwe on yestrdion

moreover {éa.‘s/teff ¥ satisfymq Jlusng propexty:
V open cover { Ui 1el} compatible sendtiors A
3 PeFud st Pluy, =%

eg OBx the sheaf of reqular functions on X

Def  restrction of & w U

Construction . Seall of pzas/le\a,f at a

Fu: L U P): U neYhbonod of & and @eiud} /o

(U @) ~Cd @) if aeveund ¢=¢

elements of Fa e germs L mgge them o&  reqular
qua‘.ion, dfﬁ'tfé m o a/rbztrzbysmcl/, neghbm'}woo( of a

lem. Bx,a = [jg : \ﬁw#OJM with maximal ideal
Loz {CUPe @x,;ﬁ%m:o} g {jﬁ’ J@ =0 maljauérj

pmeff AQOIa -2 @X,a ; § ""( D‘f)‘j)



