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A pointwise orientation is said to be continuous if every point of M is in the
domain of an oriented local frame. (Recall that by definition the vector fields that
make up a local frame are continuous.) An orientation of M is a continuous point-
wise orientation. We say that M is orientable if there exists an orientation for it, and
nonorientable if not. An oriented manifold is an ordered pair (M, @), where M is
an orientable smooth manifold and @ is a choice of orientation for M ; an oriented
manifold with boundary is defined similarly. For each p € M, the orientation of
Tp, M determined by O is denoted by @,. When it is not important to name the ori-
entation explicitly, we use the usual shorthand expression “M is an oriented smooth
manifold” (or “manifold with boundary”).

Proposition 15.5 (The Orientation Determined by an n-Form). Let M be a
smooth n-manifold with or without boundary. Any nonvanishing n-form w on M
determines a unique orientation of M for which w is positively oriented at each
point. Conversely, if M is given an orientation, then there is a smooth nonvanishing
n-form on M that is positively oriented at each point.

Proposition 15.21. Suppose M is an oriented smooth n-manifold with or without
boundary, S is an immersed hypersurface with or without boundary in M, and N is

Fig. 15.5 The orientation induced by a nowhere tangent vector field

a vector field along S that is nowhere tangent to S. Then S has a unique orientation
such that for each p € S, (En, ..., En—1) is an oriented basis for T, S if and only if
(Np, E1,..., En_1) is an oriented basis for T, M . If w is an orientation form for M,
then 1 (N 1 w) is an orientation form for S with respect to this orientation, where
ts: S < M is inclusion.

(e 00000 00
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Theorem 3.2 (Partition of Unity Theorem). Suppose ¥ is an open cov-
ering of a smooth manifold M. Then there ezists a family of smooth functions
{g9a} on M satisfying the following conditions:

1) 0 € go €1, and supp gn is compact for each a. Moreover, there
exists an open set W; € £ such that supp go C Wj;

2) For each point p € M, there is a neighborhood U that intersects
supp go for only finitely many o;

3) Yaba=1

With the above background, we can proceed to define the integration of
exterior differential forms on a manifold M. Suppose M is an m-dimensional
smooth manifold, and ¢ is an exterior differential m-form on M with a compact
support. Choose any coordinate covering ¥ = {W;} which is consistent with
the orientation of M, and suppose that {g.} is a partition of unity subordinate
to X. Then

o= (Z ga) o= (9a- ). (3.15)

Clearly, supp (ga-¢) C Supp ga is contained in some coordinate neighborhood
W; € . Therefore we can define

/ga-cp=/ga-<p, (3.16)

M W;

where the right hand side is the usual Riemann integral, that is, if ga - ¢ with
respect to the coordinate system u',... %™ in W; is expressed as

flat,...,u™dul A--- A du™,

then the integral on the right hand side in (3.16) IS T ————

/f('ui,... yu™)du' - du™. (3.17)

Wi

To show that (3.16) is well-defined, we need only show that the right hand
side is independent of the choice of W;. Suppose supp (ga - ) is contained in
two coordinate neighborhoods W; and Wj, and suppose the local coordinates
consistent with the orientation of M are u* and v*, respectively. Then the
Jacobian of the change of coordinates satisfies

A CHTIIE 0 R (3.18)

J=3(u‘,...,u"') '

DDDDD 0d
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and supp f = supp f' = supp (ga - ) C WiNW;. By the formula for the
change of variables in the Riemann integral, we have

/ fldv! - -dv™ = / flJldut - - du™
WinW; winw;
= fdul- du'",
winW;
ie.,
/ga"P: /ga-w- (3.21)

Wi W;j

Since supp ¢ is compact, it only intersects finitely many supp g, by con-
dition 2) of the Partition of Unity Theorem. Therefore the right hand side of
(3.15) is a sum of only finitely many terms. Let

0= [ 9a-® (3.22)
/ /
M ¢ M

For any given partition of unity {g,} subordinate to X, the right hand side of
(3.22) is completely determined. Now we show that (3.22) is independent of
the choice of the partition of unity {ga}

Suppose {gj} is another partition of unity subordinate to ¥£. Then

T
> [de = 55 [osh0
B M A

4

B
= E/Zyb-ga-so
a A B
= Z/g""p' TR

Definition 3.4. Suppose M is an m-dimensional oriented smooth manifold
and ¢ is an exterior differential m-form on M with compact support. The
numerical value [ ¢ defined in (3.22) is called the integral of the exterior

M
differential form ¢ on M.

el 00000 OO
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Definition 4.1. Suppose M is an m-dimensional smooth manifold. A region
D with boundary is a subset of the manifold M with two kinds of points:

1) Interior points, each of which has a neighborhood in M contained in
D.

2) Boundary points p, for each of which there exists a coordinate chart
(U;u?) such that u*(p) = 0 and

UND = {qgeUu™(q) > 0}. (4.8)

A coordinate system u® with the above property is called an adapted coor-
dinate system for the boundary point p.

The set of all the boundary points of D is called the boundary of D,
denoted by B.

Theorem 4.1. The boundary B of a region D with boundary is a regular
imbedded closed submanifold. If M 1is orientable, then B 1is also orientable.

Proof. The boundary B of the region D is obviously a closed subset of M.
Suppose (U;u*) is an adapted coordinate neighborhood. Then

UNB = {q€Uu™(q) =0} (4.9)

By Definition 3.2 in Chapter 1, 5 i= a regular imbedded closed submanifold of
M

Suppose M is an oriented manifcic. Thoose an adapted coordinate neigh-
borhood (U;ut) which is consistent with the orientation of M at an arbitrary

point p € B. Then (u,...,u™"!) is a local coordinate system of B at the
point p. Let

(=1)™du A--- Adu™? (4.10)

specify the orientation of the boundary B in the coordinate neighborhood
U N B of the point p. We will prove that the orientations given in this way
to the coordinate neighborhoods are consistent. Suppose (V;v') is another

coordinate neighborhood of a boundary point p consistent with the orientation
of M. Then

e, ™)
B, um) (4.12)
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Suppose v™ = f™(u',... ,u™). Then for any fixed u?,... , u™"! the sign of
the variable v™ is the same as that of u™, and v™ = 0 when u™ = 0. Therefore,
at the point p, du™/du™ > 0. Without loss of generality, we may assume that
o™ = y™, Then (4.11) becomes

o', ..., o™ 1)

N > 0. 4.12
A, .., um ) (412)
This shows that (—1)™du! A--- A du™ ! and (~=1)"dv! A --- A dv™! give
consistent orientations in U NV N B. Hence B is orientable. O

The orientation of B given in (4.10) is called the induced orientation on
the boundary B by an oriented manifold M. If D has the same orientation as
M we denote the boundary B with the induced orientation by 0D. It is easy
to verify that the orientations of D and 9% in the preceding four examples
are induced in this way.

Theorem 4.2 (Stokes’ Formula). Suppose D is a region with boundary in
an m-dimensional oriented manifold M, and w is an exterior differential (m —
1)-form on M with compact support. Then

! dw = / w. (4.13)

ap
If 0D = @, then the integral on the right hand side is zero.

Definition 1.1. Suppose E, M are two smooth manifolds, and 7 : E — M
is a smooth surjective map. Let V = IR? be a ¢g-dimensional vector space. If an
open covering {U, W, Z, ...} of M and a set of maps {¢, ¢y, 95 -- -} satisfy
all of the following conditions, then (E, M, ) is called a (real) g-dimensional
vector bundle on M, where FE is called the bundle space, M is called the
base space, 7 is called the bundle projection, and V = RY is called the
typical fiber:

1) Every map ¢, is a diffeomorphism from U x R? to #~*(U), and for
any pe U,y € RY,

7o, (p,y) = p. (1.21)
2) For any fixed p € U, let

(pU,p(y) = ('OU (pa y)a y € RY. (122)

Then ¢, : RI — 7~ 1(p) is a homeomorphism. When UNW # &,
foranypeUNW,

Juw ) = ¢y, 09y, t R! — R (1.23)

is a linear automorphism of V = RY, i.e., Iuw (p) € GL(V).
3) When UNW # @, the map g, : UNW — GL(V) is smooth.
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§4-1 Connections on Vector Bundles

We have already described the concepts of a vector bundle and a section in
§3-1. Suppose E is a g-dimensional real vector bundle on M, and I'(E) is the

set of smooth sections of E on M. T'(E) is a real vector space; it is also 2
C*°(M)-module.

Definition 1.1. A connection on a vector bundle E is a map
D :T(E) — I(T*(M) ® E), (1.1)
which satisfies the following conditions:
1) For any s;,s2 € I'(E),
D(s; + s2) = Ds; + Dsa.
2) For s € I'(E) and any a € C*(M),
D(as) =da ® s+ aDs.

Suppose X is a smooth tangent vector field on M and s € I'(E). Let
Dxs =(X, Ds), (1.2)

where (, ) represents the pairing between 7'(M) and T*(M). Then Dxs is
a section of F, called the absolute differential quotient or the covariant
derivative of the section s along X.

Remark 2. D is an operator on sections of £, but it also has local properties.
If s; and s, are two sections of E, and the restrictions of s; and s2 to an open
set U of M are the same, then the restrictions of Ds; and Ds; to U are also
the same. The proof of this resembles the proof of the local properties of d
(Theorem 2.1 of Chapter 3). Using the linearity of D, we need only show that
if the restriction of a section s to an open set U C M is zero, then Ds|, = 0.

Remark 3. By (1.2), D as a bivalent map is an operator from I'(T(M)) xI'( E)
to ['(E). It satisfies the following properties. Suppose X, Y are any two smooth
tangent vector fields on M, s, 51, 52 are sections of E, and @ € C*°(M). Then

1) Dx4ys = Dxs + Dys;

2) Doxs = aDxs;

3) Dx(s1+ s2) = Dxs; + Dxsy;
4) Dx(as) = (Xa)s +aDxs.

Sb® 00000 00
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As described in Remark 2, absolute differential quotient operators have the
following local properties:

1) If X1, X; are two tangent vector fields with the same value at a point p
in M, then for any section s of E, Dx,s and Dx,s also have the same
value at p. From this, we can define the absolute differential quotient
of a section of E with respect to a tangent vector of M at point p. For
X € Ty(M), Dx is a map from I'(E) to E,.

2) Foramap Dx : T(E) — E,(X € Tp(M)), Dxs1 = Dxsz if the values
of the sections s;, s, on a parametrized curve in M that is tangent to
X are the same.

The proofs of these local properties are similar to those for Remark 2. The
reader may fill in the details.

Locally, a connection is given by a set of differential 1-forms. Suppose
U is a coordinate neighborhood of M with local coordinates u?, 1 < ¢ < m.
Choose g smooth sections sq(1 € a < q) of E on U such that they are linearly
independent everywhere. Such a set of ¢ sections is called a local frame field
of E on U. It is obvious that at every point p € U, {du' @ 84,1 <i<m, 1<
a < ¢} forms a basis for the tensor space T, ® E,.

Because Ds, is a local section on U of the bundle T*(M)®E, we can write

Dsoa= y, TIadu'®sp (1.5)

1<i<m,1<B<q

where I‘g‘- are smooth functions on U. Denote

W= S rfdei. (1.6)
1<i<m
Then (1.5) becomes
q
Dsy = ng ® sp- (1.7)
B=1 —
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Proof. Choose a coordinate neighborhood (U; u?) of p such that u'(p) = 0,1 <
i < m. Suppose S’ is a local frame field on U with corresponding connection
matrix w’' = (w'?), where
m 3
W' = ergiu;’ (1.23)

i=1

and the I'5; are smooth functions on U. Let
od =8-3I (129
i=1

Then A = (af) is the identity matrix at p. Hence there exists a neighborhood
V C U of p such that A is nondegenerate in V. Thus
S=A4-5 (1.25)
is a local frame field on V. Since
dA(p) = -w'(p),
we can obtain from (1.12) that

w(p) = (dA- AV 4 A-w' - A7)(p)
—w'(p) +w'(p) = 0. (1.26)

Thus S is the desired local frame field. O

2 00000 0O
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Definition 1.3. Suppose C is a parametrized curve in M, and X is a tangent
vector field along C. If a section s of the vector bundle E on C satisfies

D,s=0, (1.40)

then we say s is parallel along the curve C.

Suppose the curve C is given in a local coordinate neighborhood U of M
by

v =ui(t), 1<i<m. (1.41)

Then the tangent vector field of C is
= dut 8
X=2 " ou

Let S be a local frame field on U. Then s = 3°1_| A®s, is a parallel section
along C if and only if it satisfies the following system of equations:

q .
d\e '
(X,Ds)=) = ng,.ddit,\ﬁ) Sa =0,

a=1 B.i

that is,

d\® du?
_+§ a 27 \B — 1<a<aqg. 1.42

Since (1.42) is a system of ordinary diffcrential equations, a unique solution
exists for any given initial values. Thus see that if any vector v € E, is
given at a point p on C, then it dau >3 uniquely a vector field parallel
along C, which is called the paraliei dispiacement of v along C. Obviously,
the parallel displacements along C introduce isomorphisms among the fibers
of the vector bundle E at different points on C.

A connection D of the vector bundle E induces a connection (also denoted

by D) on the dual bundle E*. Suppose s € ['(E), s* € ['(E"), and the pairing
(s, s*) is a smooth function on M. Then the induced connection D on E* is

determined by the equation

d(s,s*)=(Ds, s*) + (s, Ds"), (1.43)

where the notation (, ) on the right hand side still means the pairing between
E and E*.
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Let us find the matrix of the induced connection on E*. Suppose 84(1 <

a < q) is a local frame field on E, and the dual local frame field on E* is
sP(1< B <qg),ie

(Sa, s.ﬁ) = 60, (1.44)
Let
q
D = 3w 0o (145
r=1
Then from (1.43) we have
wg = (Dsa 5 S.a) = - (scx ’ Ds.ﬁ)
= —w;B.
Thus
q
Ds'ﬁ = — z wg ® Sta- (146)
a:l

If the section s* of E* is expressed locally as

q
8" = E Ban™®,
a=1

then from (1.46) we obtain

=1

Q

q ‘ q
Ds* = Z dzy — Z .’ngg ® s**. (1.47)
B=1
D(s:1 & s3) = Ds; & Ssa, (1.48)
D(s1 ®s2) = Ds;®sy+ 51 ®Dss. (1.49)

Then these equations determine connections on E) @ E; and E; ® E, respec-
tively called the induced connections on E; @ E; and E; ® E».

Sl 00000 OO0
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Suppose t is a (2, 1)-type tensor field expressed as

Fé] o]
t . tl]d ammnns 2-14)
® 5.7 507 (
under the local coordinates uf. From (1.49) in we have
0 b 0
Dt = dt @ du* @ — kY @ —
u” ® B BuJ D(du )® = ® o= D
+t"du ®D(a ® — o t du* ®—a—®D 3)
ou’ us du? ow (2.15)
L 9
= (atff - tfw} + tu} +tkw,) ® du* ® 5‘?— ® 57
=tihdu ® du* ®-3-a— ® an
where
ij at;? ij
tk'h=-6—1;’;—tl F h+t Plh+t P (2.16)

The absolute differential of a scalar field is defined to be its ordinary dif-
ferential.

Definition 2.1. Suppose C : u' = ui(t) is a parametrized curve on M, and
X (t) is a tangent vector field defined on C given by

(38

X(t) = ='(t) : (2.17)
{ 3& C(t)
We say that X (t) is parallel along  if its abeolute differential along C is zero,
ie., if
DX
=0. 2.
p 0 (2.18)

If the tangent vectors of a curve C are parallel along C, then we call C a
self-parallel curve, or a geodesic.

Equation (2.18) is equivalent to

dzt jri dut
Y oy dt
This is a system of first-order ordinary differential equations. Thus a given
tangent vector X at any point on C gives rise to a parallel tangent vector field,
called the parallel displacement of X along the curve C. By the general
discussion in §4-1, we see that a parallel displacement along C establishes an
isomorphism between the tangent spaces at any two points on C.
If C is a geodesic, then its tangent vector

_dui(t) (D
Xt = dt (W)cu)

is parallel along C. Therefore a geodesic curve C should satisfy:

=0. (2.19)

dut | dud duk
= Tl
dt dt dt
This is a system of second-order ordinary differential equations. Thus there

exists a unique geodesic through a given point of A/ which is tangent to a given
tangent vector at that point.

=i, (2.20)
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then (2.5) implies

Awl OuP Bu”
T' = T9 2.32
PT u? Ow' wk” ( )

Hence T}, satisfies the transformation rule for the components of (1,2)-type
tensors. Thus

T= TI ® du' @ du* (2.33)

kaJ

is a (1,2)-type tensor, called the torsion tensor of the affine connection D.
By (2.31) the components of the torsion tensor T' are skew-symmetric with
respect to the lower indices, that is,

T}, = -T}.. (2.34)

1

Definition 2.2. If the torsion tensor of an affine connection D is zero, then
the connection is said to be torsion-free.
A torsion-free atfine connection always exists. In tact, it the coetticients ot
a connection D are [, then set

s g 1 ; .
M= (Th+Th). (2:37)

Obviously, 1§ 7. is symmetric with respect to the lower indices and satisfies (2.5)
under a local change of coordinates. Therefore the I",c are the coefficients of

some connection D, and D is torsion-free.
Any connection can be decompozed inte a sum of a multiple of its torsion

tensor and a torsion-free connection. In fact, (2.31) and (2.37) give

T, = “§Tz]k +14,, (2.38)
that is,
DxZ = %T(X, Z)+ DxZ. (2.39)

The geodesic equation (2.20) is equivalent to

d?ut = du? du*

o e = (2.40)

Thus a connection D and the corresponding torsion-free connection DD have
the same geodesics.

Theorem 2.1. Suppose D is a torsion-free affine connection on M. Then
for any point p € M there exists a local coordinate system u' such that the

corresponding connection coefficients I"k vanish at p.

Sb® 00000 00
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Proof. Suppose (W;w') is a local coordinate system at p with connection co-
efficients I';. Let

i i, 1oy j j
u' = w'+ ST () (v — v (p)) (w* - w*()). (2.41)
Then
wi|, =%  puwiowr| =) (242)

i

. [0
Thus the matrix (B—:)J) is nondegenerate near p, and (2.41) provides for a

change of local coordinates in a neighborhood of p. From (2.5) we see that the
connection coefficients I}, in the new coordinate system u’ satisfy

I(p) =0, 1<ij,k<m.

Definition 2.1. Suppose M is an m-dimensional Riemannian manifold. If a
parametrized curve C is a geodesic curve in M with respect to the Levi-Civita
connection, then C is called a geodesic of the Riemannian manifold M.

Suppose the coefficients of the Levi-Civita connection D under the local
coordinates u' are I'};. Then the curve C : v’ = u'(t) (1 < i < m)isa
geodesic if it satisfies the following second order differential equation:

d?u’ ;. du? du*
W— jk___ = O (2.1)

Here X' = du'/dt is a tangent vector of C. By definition, the tangent vector
of a geodesic is parallel along the curve itself with respect to the Levi-Civita
connection, which also preserves metric praoperties under parallel displacement.
Therefore the length of the tangent vector X' of a geodesic is constant, that

ls)
it dul
g.j—d-i—';.‘t— = const.,
or
ds
¢ = const. (2:2)

Hence we see that the parameter for a geodesic curve in a Riemannian manifold
must be a linear function of the arc length s, i.e.,

t = ,\s <+ p' (23)

where ) (# 0) and u are constants.

We now consider a special coordinate system near a point such that the
coordinates of any geodesic starting from that point are linear functions of the
arc length. First we discuss this under the general assumption that M is an
affine connection space.

Suppose the equation of a geodesic under the coordinates system (U;u') is

d*ut ; du dub

“dT + I‘jkw_dt— =0. (24)
By the theory of ordinary differential equations, there exist for any point o €
U a neighborhood W C U of zo and positive numbers r,§ such that for any

initial value z € W and a € R™ satisfying ||a|| < r (see footnote ®) the system
of equations (2.4) has a unique solution® in U:

u'= fit,et,eb), |t <4 (2.5)

that satisfies the initial conditions

ui(o) = fi(oyzkyak) =$i,
dut o~ Bfi(t, 7k, ab) (2.6)
dt (0) = T - ai.

Furthermore the functions f¢ depend smoothly on the independent variable ¢

and the initial values 2*,a*.
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transformation, a normal coordinate system of a point in M is determined up
to a nondegenerate linear transformation.

Fix a* = af. As t changes, tak describes a straight line in T, (M) starting
from the origin, and traces a geodesic curve on the manifold starting fror.n
z and tangent to the tangent vector (af). Therefore the equation for this
geodesic curve under the normal coordinate system o' is

ak = ta‘k), (2.12)
where af is a constant.

Theorem 2.1. If M is a torsion-free affine connection space, then wit(l respe]qt
to a normal coordinate system o at the point x, the connection coefficients I';,
are zero at x.

Proof. Since the geodesic curve af = taj, satisfies (2.4) under the normal co-
ordinate system a', we have, for any a¥,

i (0)adal = 0. (2.13)

Since I‘}k is symmetric in the lower indices for torsion-free connections, we
have

10)=0, 1<ijk<m (2.14)
O

Theorem 2.2. For any point zo in an affine connection space M, there ef”iSts
a neighborhood W of zo such that every point in W has a normal coordinate
neighborhood that contains W.

Proof. Suppose (U;u') is a normal coordinate system at a point zo. Let
[ i
U(Io;p) = ] I € {[l }u’!(_u'(l‘))“ < p2} . (2.15)
-\ ."._. 1

By the above discussion on the sciciion of canation (2.4), there exists a neigh-
borhood W = U(zo; ) of o and a positive number § such that for any z € W
and a € R™, ||a|| < 6, there is a unique geodesic curve
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